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Mathematics Extension 2

General Instructions e Reading time — 10 minutes
e Working time — 3 hours
e \Write using black pen
e Pencil may be used for diagrams
e Liquid paper or white out tape is not to be used
e Calculators approved by NESA may be used
o A NESA reference sheet is provided

e |n Questions 11-15, show relevant mathematical
reasoning and/ or calculations

Total marks: 100 Section | — 10 marks (pages 2-5)

e Attempt Questions 1-10
e Allow about 15 minutes for this section

Section Il — 90 marks (pages 6-12)

o Attempt Questions 11-15
e Allow about 2 hours 45 minutes for this section



Section | (10 marks)

Attempt Questions 1 to 10
Allow about 15 minutes for this section

Answer on the separate multiple choice answer sheet.

1. Which of the following is not equivalent to P = Q7

(A) P is sufficient for Q

(B) Q is necessary for P

(C) IfQ is false, then P is false
(D) None of the above

2. In which quadrant is the complex number (—3 + 3i)3 located on the Argand plane?

(A) The first quadrant
(B) The second quadrant
(C) The third quadrant
(D) The fourth quadrant

3. 2 -1
A line has equation r(t) = <—1> +1 ( 2 > , A € R. Which of the following is parallel to
0 5
this line?
2 3
A r=[1 +A< 2
0 —15
1 3
B) r=|0]+ A( -6
1 —15
0 1
C) 1= —1) +2 (—2)
2 1
-1 1
(D) r= 2>+/1(2)
5 =5
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4. Which of the following is an expression for [ % ?
a) sin (Z2)+c
(B) sin7! (xzﬁ) +C
(C) sin! (%) +C
(D) sin™?! (%) +C

5. In the diagram below, z is any complex number which lies on the line S.

Which equation best describes the locus of z?

Im(z)

A
3 L
2 -
1 =
L)
L L . L—p Re(z)
a3 =2 41 0 1 72 3
=
-2 =
il S
(A) argz=%
(B) argz=%ﬂ
©) |z—2|=l|z-2il

(D)
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|z — 2| = |z + 2i]



6. The polynomial P(z) has real coefficients and P(0) = —1. The imaginary number a and the
real number B satisfy P(a) =0, P(B) = 0and P'(B) = 0.
The degree of P(z) is at least:

(A)
(B)
©)
(D)

uar s W N

7. Which expression is equal to [ 3vxInx dx?

(A) 2xvx (lnx - %) +c

(B) 2xvx (lnx + %) +c

©) \/%Glnx— 1) +c
(D) \/%Glnx+ 1) +c

8. A particle is travelling in simple harmonic motion such that its velocity, in metres per

second, is given by the equation v? = a? — b%x?, where a, b # 0. What is the period of

motion?
2bm
(A) —
2am
B) —-
21
© —
21
D)
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9.  Which of the equations best represent the curve below?

N

(A) () = (cost)i+ (sint)[ + (D)k
(B) 1r(t) =(tcost)i+ (tsint)j+ (t)k

(C)  1(t) = (tcost)i+ (tsint)j + (%) k

(D) () = (cos )i+ (sinD) + () k

10. A particle is moving along a straight line. At time t, its velocity is v and its displacement

from a fixed origin is x.

If Z—Z = ziv which of the following best describes the particle’s acceleration and velocity?

(A) Constant acceleration and constant velocity
(B) Constant acceleration and decreasing velocity
(C) Constant acceleration and increasing velocity

(D) Increasing acceleration and increasing velocity

End of Section |
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Section Il (90 marks)

Attempt Questions 11 to 15
Allow about 2 hour 45 minutes for this section

Answer each question in the appropriate writing page. Extra writing pages are available.
All necessary working should be shown in every question.

Question 11 (18 marks)

(@)

(b)

By first writing v/3 + i and v/3 — i in exponential form,

express (\/§ + i)lz + (\/§ — i)lz in the form of a? where a and b are integers.

A polygonal number is an integer which can be represented as a series of dots arranged
in the shape of a regular polygon. Triangular numbers, square numbers and pentagonal

numbers are examples of polygonal numbers.

For an r-sided regular polygon, where r € Z*,r > 3, the nth polygonal number B, (n)

is given by

where n € Z*. Hence, the nth triangular number can be expressed as P;(n) =

(@)

(i)
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r—2n*-(r—-4n
2

[}(n) =

n?+n

The nth pentagonal number can be represented by the arithmetic series
Ps(n)=14+4+7+-+Bn-2)
3n?-n
2

Hence show that Ps(n) = forn € Z*.

The nth polygonal number, P.(n), can be represented by the series

Z(1+ (m—1)(r —2))
m=1

where v € Z*,r > 3.
Use mathematical induction to prove that
r—2n*- (0 —-4n
P.(n) = 2

where n € Z*.

Question 11 continues on the next page



(©)

(d)

(€)

Given a € Z, prove that if 3a® — 4a + 5 is even, then a is odd.

Find the equations of a sphere whose centre is at (1,0,1) and touches the line

3 2
r=|1|+A|1|whered€R.
2 2

In the diagram below, OABCD is a solid figure where |E4)| = |O—B)| = 4 units and

|ﬁ| = 3 units. The edge OD is vertical, DC is parallel to OB and |D—C)| = 1 unit. The
base, OAB, is horizontal and ZAOB = 90°. Unit vectors i, j and k are parallel to

04, OF and 0D respectively. The midpoint of AB is M and the point N on BC is such
that NC = 2BN.

(1) Express vectors MD and ON in terms of i,jand k.

(i) Calculate the angle between MD and ON.

(1i1) Using vector methods, show that the length of the perpendicular from

M to ON is ’% units.

End of Question 11
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Question 12 (18 marks)

(@) Let a be a real number and suppose that z is a complex number such that
z+—=2cosa
z
1 o
You may assume that z" + — = 2 cos na for all positive integer n.
Z

1
Letw=z+;

(i) Show that w* + w3 —3w? — 20w =z + -+ 22+ =+ 23 + =+ z* + —.
z z zZ zZ
(i1)) Find the ninth roots of unity.

(ii1)) Hence or otherwise, find all solution of

16(cosa)* + 8(cosa)® — 12(cosa)? —4cosa + 1 = 0.

(b) 3
(i)  Show that f & 2

0 1+cosx+sinx
(i) By making the substitution u = a — x, show that

[} o) dx = [ f(a—x)dx.

: 2 x
(iii) Hence or otherwise, evaluate | —————
0 1+cosx+sinx

(© Letl, = fel_l(l + log, x)" dx and J,, = f:_l(loge x)(1 + log, x)™ dx
forn=20,1,2,3..

(i) Showthatl, =1—-nl,_;forn=1,2,3..
(i) Showthat], =1—(n+2)I,forn=0,1,23..

(ii1)) Hence find the value of /3 in simplest exact form.

End of Question 12
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Question 13 (18 marks)

(& (i)  Use De Moivre’s Theorem to solve the equation z° = 4v2(1 + i).

(ii) By considering the roots of z3 = 4v/2(1 + i) , show that

7T T T
COS— 4+ COS— = CO0S-—.
12 12 4

(b) Sketch the intersection of the following.

|z—3| =3 and —%SArg(z)Sg

10 . a

(©) (1)  Find real numbers a, b and c¢ such that ————— = —
(x+1)(x2+4)  x+1

10
(x+1)(x2+4) dx.

(il) Hence find f

(d) -3 -1
Consider the line #; joining [ —1 Jand| 0 ).

4 3

(i)  Determine the vector equation of #;.

0
Another line, £,, is defined by the vector equation 7 = <1> + A <

2

bx+c
x2+4

a

1 ), where 4,a € R.
-1

(i)  Find the possible values of a when the angle between #; and ¢, is %.

(iii) ¢, and £, have a unique point of intersection when a # 2. Find the point of

intersection in terms of a.

End of Question 13
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Question 14 (18 marks)

(@) Prove by contradiction that there are no rational solutions to the equation

x34+3x+3=0.

(b) Given a, b, ¢ are positive real numbers.

(i) Prove thata® + b%> 4+ c¢? = ab + bc + ca
(ii) Hence or otherwise, prove that a® + b3 + ¢ > 3abc

ab+bc+ca+1)3

(iii) Hence or otherwise, prove that (1 + a3)(1 + b3)(1 + ¢3) = ( >

(c) The only force acting on a particle moving in a straight line is a resistance mA(c + v)
acting in the same line. The mass of the particle is m, its velocity is v, and 4 and c are
positive constants. The particle starts to move to with velocity u > 0 and comes to rest
after T seconds. After half the time has elapsed, the particle’s velocity is a quarter of its
initial velocity.

Show that

©|e

(d) A particle is moving in simple harmonic motion with centre around the origin, starting
at x = m, where m > 0. The displacement equation is given by x = a cos(nt + a).
After 1 second, the particle is at x = r, where r > m and after another second, it
returns to x = r.

Show that

r+m
cosn =——-
2r

End of Question 14
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Question 15 (18 marks)

(@) A particle of unit mass is moving in horizontal motion, subject to a resistance force of
v? + 13, where v is the object’s velocity. The particle has initial velocity v, where
vy > 0.

(1)  Find the distance s travelled by the particle when its velocity is %

(i)  Show that the time T taken to travel the distance s is T = vi —s.
0
(iii) Show that if the particle starts at the origin, then
Vo
vV ———
VoX + Vot + 1

satisfies the equation of motion.

(b) A particle of unit mass is thrown vertically downwards with an initial velocity of v,.
It experiences a resistive force of magnitude kv? where v is its velocity. Taking
downwards as the positive direction, the equation of motion of the particle is given by
% = g — kv?. Let V be the terminal velocity of the particle.

(1) ExplainwhyV = \/%

(ii)) Show that v2 = V2 + (v3 — V?2)e~2k*,

(c) z, and z, are two complex numbers representing the two points A and B in the Argand
diagram. z3 is a complex number representing the point C such that |AB|: |AC| = 1: 4.
Z4 1s a complex number representing the point D, such that |OB|: |0D| = 1: k, for
some constant k and O is the origin. The points A, B and C are collinear.

(1) Find z3 in terms of z; and z,.

(i1) Given that z, — z; and z, — z3 are perpendicular, prove that

Kk = 4|25]|?=7|z41||22| cos 0+3]|z4|?

|Z2|2~|21]|22| cos 6 ’

where 6 is the angle between z; and z.

End of paper
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* cis: not allowed unless defined
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solutions correct
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Year 12 Extension 2 Trial HSC Question 15

a)
i. ma = —(v? + v3) (Newton’s 2nd law)
m=1=a=—-w?+v3)
dv
v —(w? +v3)

dv
—=—(v+7v?)

dx
=-v(1+v)
dx
Lv(1+v) f Lt 1 _a+ b
f d _ ¢ viv+1) v v+1
vV=—Xx
vo 17+1 av+1)+bv=1
o v v=—1=>b=-1
x = [In|v| = Infv + 1]]7, P =0 q=1
v 1 1 1
-l T
v+ 1, v(v+1) v+1
1 v ]
:[ln(v+1)]v0 (Since v > 0)
v Vo
-n() -l
n(v+1) rlvo+1
v(vyg+ 1)
=In|———=
vo(v+1)
vo(v+1)
=In|——=
v(vyg+1)
V=X =s
Vo
_ U0(7+1)
s=1In Ty
7(”0"’1)
(o) ertn (14 )
- v+ 1 orin vo+1
1% mark for getting to v% = —(w?+v?3)

2" mark for correctly integrating the function with respect to v

3" mark for getting the correct answer



X

1 x<1+v0) < _ Vo _ _ voe ¥ )
v ¢ 2 1J_e"(1+vo)—vo_(1+170)—17oe"‘_1+vo(1—e‘x)

QU

T S 1+,
tzfex( )—1dx
0 0 Vo

1
1st mark for correctly making " or v the subject

1+v §
T = [ex ( 0) - x] 2nd mark for correctly integrating with respect to x

VO 0

_ [es 1+v0)_s]_(1+v0)
Vo Vo

vy + 2\ /1 + v, 1+ v,
z(v0+1)< v )_S_( Vg )
Vo + 2 1+ v,
-(50) -5
1
= 77_0 -5 3rd mark for correct answer

Alternate solution:

dv
_— = 2 3
It (v* +v°)

dv
= —v?(1+v) 1stmark forE =—-Ww?+v?

f” dv ftd
B t
va2(1+v) 0
Y
S+l v w2 v
]

vl 1 vl
=f< ——)dv+j <—2>dv
woWtl v vo \V

v

1
=x+ [— ;] (from parti.) 2nd mark
%

0

1 1
=x+———
vy v
1 1
t=—x——+-—
vy v
t=Tv="x=
=Tv=—,x=s
1 2
T=-s——+—
Vo Vo

— — s 3rd mark for correct answer
Vo

1 _av+b c

v2(v+1) w2 +v+1
(awv+bD)(v+1D) +cvi=1
v=-—1=c=1
v=0=>b=1
Comparing coefficients of v = (a + ¢)
=0

~a=-1

11 1 1

v2(v+1) v+1 v v?




1 1

t=-x——+— (Fromiii) 1stmark for reference to t and x in terms of v and v,
vy v

1 1

—=t+x+—

v Vo

vot + VoX +1
= 7

Vo

vV 2nd mark for final answer
Vot + vox + 1

Terminal velocity happens when a = 0

a=0=>9g—kv?=0

kv?=g
g
2 Y
YTk
g
v=% (v>0) 1mark
i. a=g-kv?
dv w2
v =9 kv
7 —kv? dv =dx 1 mark for separating v and x for integration
1 —2kv v = J‘d
k) g—k2CT ]
1

x+c=-— ﬁlnlg — kv?| 1 mark correctly integrating both sides

1
=—ﬁln(g—kv2) (g—kv?®>0asa>0)
1 2
x=0v=vy,=>c= —ﬁln(g—kvo)

1l( kvd) = 1l( kv?)
x = oIn(g —kvg) = —o-In(g — kv

1 — kv

x = ﬁln (g — kvg) 1 mark for integration constant AND reason for removal of absolute value
— kvi

In <z — kvg> = 2kx

g— kvé 2kx

g — kv? —°

g —kv? = (g — kv§)e >
kv? =g — (g — kvd)e 2k

b2 = % _ (% _ vg)e—ka

— V2 _ (Vz _ Ug)e—zkx

=V2+ (v —V?¥e 2 1 mark for final answer



Potential wrong answers from Q15a)
i Variation 1

1 _a+ b
viv—1) v v-1

l=a(v—-1)+bv

v=1=>b=1
v=0=>a=-1
1 1 1

v(v—l)Ev—l_;
[y
——dv = X
v, V(W —1) 0
v,

7 1 1 s
——dv:fdx
v—1 v 0
Vo

[In|lv — 1] — 1n|17|],,70 =s

Vo

Vo
v—1]2
v v

s=[ln‘
0

Vg — 2
=In 9

Vo

vo—z

:1|
nvo—l

1 _av+b+ c
v2(v—1) v2 v—1

(aw+b)(v—-1D +cv?=1

v=1=>c=1
v=0=>b=-1

Comparing coefficients of v2 = (a +¢) = 0

sa=-1

1 111
Tv2v—-1) v—-1 v v2
dv

12 4 3
—=—v?+
o vi+v




1
@_) L
"0(2 e
Vg Yo
=ln7( 1
vo—i v_o
=lnv0_
1
:S+‘l7_0

2kx
— kvg)eZRx
v — kvd)e
o - (g
2-g
kv

2kx
Z)e
’ =%—(%—vo)

v

2kx
(VZ = v)e
2 _
=V

2kx
2—-V?e
V2 + (v
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